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3. Find the locus of the center of a circle which is tangent to a

^iven line at a .given point.
4. Find. the locus of the center of a circle which is tangent to two

-intersecting lines.

5. Find the locus of the middle points of equal chords in a circle.
6.- Find the locus of the middle points of parallel chords in a circle..
7. Find the locus of points which are the vertices of equal angles

circumscribed about a circle.
8. Find the locus of the middle points of all chords in a given

�circle which pass through a given point.
9. Find the locus of the middle point of a line of given length which

terminates in two perpendicular lines.
10. Find the locus of a point equally distant from two parallel

lines.
11. Find the locus of the centers of circles which have a given

radius and which are tangent to a given line.

Finally, in order that this discussion may lead to some defi-
nite action, looking toward the improvement of existing" condi-
tions, I will offer the suggestion that a committee be appointed
by this association to investigate the question of the proper func-
tion and scope of loci problems in geometry, frame an adequate
definition of the term, and draw up lists of fundamental and of
supplementary loci problems that will furnish an adequate and
clearly denned basis for work in geometrical loci and problems
relating thereto.

LOCI PROBLEMS IN GEOMETRY.1

The Point of View of the College.

By PROFESSOR E. B. WILSON,
The Massachusetts Institute of Technology.

When I found that I was to speak to you to-day of the point
-of view of the college relative to problems on loci in elementary
geometry, I was completely at a loss as to what to say; for I did
not know that the college had any special point of view in re-

gard to problems on loci. I did not know and I did not care.
When, in this predicament, I turned to consult my colleagues in
the department of mathematics at the Massachusetts Institute
of Technology, it appeared that almost unanimously they, too,
failed to recognize any special collegiate point of view and were
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indifferent to its existence. That this fact should be estab-
lished and emphasized seems highly worth while.
What we want for our candidates for admission to the Insti-

tute is a thorough, straightforward, useful training in geom-
etry as a whole. Our chief difficulty is that the pupils who
come to us cannot use their geometry, do not know mensura-
tion, have meager geometrical intuitions; in short, do not see
straight. In view of this condition it is distinctly unfortunate
unduly to annoy the’ secondary school pupil with intricate, arti-
ficial, or freakish problems on loci or unduly to harass him with
labyrinthine difficulties in limits, his other geometric (?) bete
noire,

While speaking thus, I would especially disclaim represent-
ing all collegiate instructors and institutions. The fondness for
fine points and the love of critical discussions are unquestionable
reactions of a highly developed nervous system; and there are
men and institutions, that have their nervous systems so highly
organized as to be on the point of disorganization, of prostra-
tion. The ordinary high school pupils, however, are not in this
feverish condition, and it does not appear wholly desirable to
uige them too insistently into it.

It is true that our candidates for admission have not a satis-
factory knowledge of the idea of a locus, and the same is true
of the idea of a limit; but I have found a similar state of affairs
among my own and other students in the freshmen, sophomore,
and even in the junior years. Some ideas develop slowly. It
is necessary to keep constantly at them, but gently; for exces-
sive pressure is as harmful to those ideas themselves as it is
deleterious to the subjects which are crowded aside for their
sake. The exaggerated emphasis and disproportionate worry
which are often expended upon these topics may be due to the
unfortunate fact that many secondary schools feel obliged to
coach for our entrance examinations and, if possible, to antici-,
pate them.

Entrance examinations are not worth talking about and I
should prefer to say nothing about them; but that I might see
what our papers at the Institute indicated with reference to
loci, I took the pains to look over the examinations in plane and
solid geometry for the last five and a half years. It appears
that out of eleven papers in each subject, five in each contained
a question on loci. As there are not less than six questions per
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paper, you see that by our actions we estimate problems on loci
at. about eight per cent. This hardly appears excessive, perhaps
hardly sufficient. On the whole, I am inclined to believe that
this percentage is about what should be allotted to loci, and pos-
sibly as much to limits, in teaching plane and solid geometry.
Such estimates, however, are largely guess work and it will be

better to return to the real question of interest: What shall we
do about loci? I have two points to make: one relative to the
definition of a locus, one relative to the construction of a locus-
The usual statement of the definition is this: A locus is a

geometrical figure such that every point on it satisfies the con-
ditions that determine the locus and such that no point not on
the figure satisfies the conditions. This definition seems to me
bad. We are not concerned with the points which are not on
the figure or do not satisfy the conditions. I much prefer to
state it thus: A locus is a geometrical figure such that every
point on it satisfies the conditions and such that conversely
every point which satisfies the conditions lies on it. The direct
proposition and its converse seem preferable, in general easier
to prove, and more obviously connected with the facts in which
we are interested.

Take, for example; the proposition about the points equally
distant from the ends of a segment. To show that every point
in the perpendicular bisector is equally distant from the ends,
requires the elementary theory of the isosceles triangle, and to
show that every point which is equally distant from the ends is
upon the bisector requires merely the same figure and the same
theory; nothing could be simpler or more natural. As usually
given, the complete proof introduces points which neither sat-
isfy the conditions nor lie on the bisector, requires the use of
theorems which have but a remote connection with isosceles tri-
angles, and forces the pupil to. operate with inequalities. This
is all needless: it may be instructive, but it is useless and con-
fusing. It is very seldom that we have to use inequalities, and
it is well to avoid them here where there are other difficulties.

It may be noted that once we pass above the grade of high
school instruction there is a strong tendency to let up on the
enforcement of the double-ended proof relative to the locus; a

great many good people are entirely satisfied with giving one
half of the proof alone. We are, in fact, very much less con-
cerned over the rigorous necessity for a two-sided proof than
we are over ascertaining the geometric facts as to what the locus



894 SCHOOL SCIENCE AND MATHEMATICS

is and how it is situated relatively to the rest of the figure. And
this brings me to the second point, the necessity, the absolute
necessity that the student should construct the locus, that is,
should draw with reasonable accuracy enough points of the
locus so that he may see clearly what the locus is and how it
is situated.
The students who come to .us exhibit an almost perfect in-

ability to make and use a figure. Of the hundreds of entrance
papers I have read, all except a pitiable few have borne clear
evidences of this inability. From our point of view at the In-
stitute, it is very important for the sake of our drawing that the
condidates for admission should have some idea of the use of a

ruler and compass, and for the sake of our instruction in ana-

lytical geometry it is essential that our entering class should
have the habit of making a preliminary sketch of a locus or
other figure as a qualitative and semiquantitative check on their
analytic work.
So important do I regard work in construction, and in com-

mutation, for pupils in the secondary schools that I should be
glad to see more questions on these matters on our entrance
papers. In saying this I do not wish to be interpreted as out-
lining any actual intention on our part; I merely wish to state
as strongly as I may to you what appears to me desirable in
instruction.

DISCUSSION OPENED BY MB. WILLIAM FULLER,

Mechanic Arts High School, Boston.

In the few minutes which I may appropriate, I ask your attention
to some additional sources of information and material concerning loci.

You will perceive that elsewhere, as with us, the subject of loci viewed
from the standpoint of elementary plane and solid geometry, gets but
scant treatment. For a number of years my practice has been to make
special note of material on loci encountered in American, English,
French, and German texts on geometry that have come in my way:
but nowhere lias adequate exposition and illustration yet been found.
In December, 1906, I addressed inquiries to a number of mathematical
professors in New England colleges asking, first, comment on the
apparent increase of emphasis laid on the subject of loci in college
entrance examinations, and second, for references to books either in

English, French, or German giving satisfactory treatment of the sub-
ject. Of those replying some had not observed the alleged increase

of loci questions in entrance papers; others had observed it, but thought
it merely an expression of idiosyncrasy in the individual examiner.
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Most had. no books to recommend; a few sent helpful references, but
all were agreed that no adequate treatment of the subject was known
to them. One of my correspondents kindly but firmly insisted that,
whatever I might mistakenly tMnk I wanted to know, that which I
really needed was to make myself familiar with the treatment of
loci as developed in the current texts on Analytical Geometry. When
by further writing I was happily enabled to show that his diagnosis
of my case was erroneous, he concurred in the generally expressed
opinion that no good treatment of the subject from the elementary
point of view is available; and said that he knew no reason why
colleges in their entrance examinations should lay increasing stress
on the subject of loci. Permit me now, with all suitable dryness and
brevity, to specify a few sources of information concerning loci:

1. Legons de Geometric Elementaire par Jacques Hadamard, Paris,
has about thirty (30) theorems and problems scattered through its

305 pages. Of these a considerable number are concerned with topics
commonly absent from our American text-books. (Reciprocals, polars,
harmonics.)

2. Ebene Geometric von G. Mahler, Leipzig, (Sammlung Goschen
Nr. 41) has some forty (40) loci theorems and problems. Of especial
interest is the section called Method of Loci in Part III on the Nature
and Treatment of Exercises.

3. The famous Hauptsiitze der Elementar Mathematik, Berlin, by
Dr. F. G. Mehler, long used as a basis of mathematical work in the
German Gymnasia, gives slight attention to loci, containing altogether
only about fifteen (15) theorems and problems of the most elementary
character.

4. The Theorie der Geometrischen Konstruktionen, August Adier,
Leipzig (Sammlung Schubert, Nr. 52), pp. 14-22, Methode der Geome-
trischen orter, gives eight (8) fundamental theorems on loci, and applies
them to the solution of some nineteen problems. Dr. Adier shows
the noble impatience of elementary tasks characteristic of the accom-
plished mathematician, proceeding into fields not tillable to advantage
in our secondary schools.

5. In Methods and Theories for the Solution of Problems in

Geometrical Constructions by Julius Petersen, eleven’(11) fundamental
loci are given which are applied to the solution of 116 problems. This

book, originally written in Danish, has been translated into French,
German, and English, London, 1879. (Sampson Low, Marston, Searle
and Rivington.) It is an admirable book, small but rather expensive.

6. Elementary Geometry, Practical and Theoretical, Godfrey and

Siddons, Cambridge University Press, offers about thirty (30) theorems
on loci in Elementary Plane Geometry, twenty (20) on higher curves,
and perhaps 80 or 90 exercises whose solutions involve loci. These
have a wide variety in degree of difficulty, ranging from this exercise:

"What is the locus of a man’s hand as he works the handle of a common
pump?" or "What is the locus of a door handle as the door opens?";
to this: "OA, AP are two rods pointed at A. OA revolves about a
binge at 0, and AP revolves twice as fast as OA in the same direction.
Find the path of a point on AP." You see at once that the loci in
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question are forms of the limagon, one being a cardioid, and you recall
that the limagon is a curve of the fourth degree invented by Pascal
and having for its polar equation r === a cos Q + &� These more difficult

loci are not treated theoretically but are plotted by means of coordinates

and tracing paper.
7. Practical Plane and Solid Geometry, J. Harrison, London, (Mac-

millan). In this book the notion of a locus is briefly defined and

explained, a few elementary and a few more difficult loci are given

for plotting on determination by trial. Among these are the cycloid,
the epicycloid, the hypocycloid, and the involute of a circle.

8. Practical Plane and Solid Geometry, Morris and Husband,
London, Longmans, Green & Co. In this book a brief chapter is

devoted to loci. Definitions, explanations, 22 problems, and five

additional exercises are given. The problems deal in part with linkages,

the simpler loci utilized in machinery, and include, besides, the Archi-
medean spiral, the ellipse, the hyperbola, and the parabola. Most of

the material is unsuited for use in college entrance examinations.

9. Elements of Geometry, University Edition, Part III, Introduction
to Modern Geometry, Edward Oiney. This book now out of print,
but occasionally to be picked up in second-hand book stores in Chicago

or Ann Arbor, has 28 theorems and problems on loci. A valuable
feature is the detailed study (pp. 293-4) of a moderately difficult locus

problem, showing how a pupil might proceed to attack the solution.

It is interesting and important to note variations in the definition of

a locus as proposed by these different writers:
Petersen gives no definition, Adier gives one by implication only.

Mahler says (p. 11), "When the position of a point, by reason of the
conditions which it must fulfill, is not exactly determined, it is never-
theless often restricted to a line in which the point must lie. This

line is called the locus of the point." Mahler writes, (p. 15) "If a
line represents the totality of all points which satisfy a given con-
dition, it is called the locus of this point."
Hadamard defines as follows: (p. 2) "The locus of a point which

may occupy an indefinite number of positions is the figure, in general
a line or a surface, formed by the ensemble of its positions."

Godfrey and Siddons, (p. 144), say: "If a point moves so as to
satisfy certain conditions, the path traced out by the point is called
its locus."
In the Elements of Plane Geometry, (Association for the Improve-

ment of Geometrical Study) this definition is found: (p. 81) "If
any and every point on a line, part of a line, or groups of lines, satisfies

an assigned condition, and no other point, does so, then that line,

part of a line, or group of lines, is called the locus of the point

satisfying that condition."
Oiney, (p. 288), says: "The locus of a point is the line generated

by the motion of the point according to some given law. In the same
manner a surface is conceived as the locus of a line moving in some
determinate manner."

It is instructive to place alongside these definitions the more
generalized formulations of analytic geometry. Briggs, in his Elements
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of Analytical Geometry, (p. 14) says: "The locus of an equation is
the path of a point which moves in the plane so that at each instant
its coordinates satisfy that equation when substituted therein for a?

and y, the variables in that equation."
Harrison in his Treatise, (p. 33) writes: "A Locus is the series of

positions, real or imaginary, to which a point is restricted by given
conditions of form."
However inadequate the treatment of loci may be in our text-books

in plane geometry (and it certainly is slight, cursory, and scattered)
I, can indeed recall at this moment but one book, Pettee’s Plane Geom-
etry, in which the matter is properly assembled for review or acces-
sibility ; its treatment in our books on solid geometry is characterized,
when it has substance enough to have a character, by still greater
incompleteness. Most of our writers with whom I am acquainted do
not even take the trouble to extend their definition of a locus to
meet space conditions, while they give very few and much scattered
problems. The only German text I have recently examined with
reference to loci is the admirable little treatise on Stereometrie by
Dr. Glaser. This appears to contain no more than three loci problems
and no definition or exposition; as compared with the 40 theorems and
problems in Mahler’s Ebene Geometrie of similar scope.

It appears to me indubitable that examiners should confine them-
selves to few and elementary principles with applications of quite
moderate difficulty. If they translate material from French and Ger-
man sources, as they no doubt sometimes do, they should not neglect
to translate into the American point of view as well as into the English
language. It is obvious that a French geometrician would be likely
to state his problems from a viewpoint that might render them, in
a literal translation, unintelligible to American youth.

It is the impression of a friend of mine that the college examiner
apostrophizes himself thus: "Go to now! This youth must, by this
time, be able to do a harder example than the one he failed on last
year!" unmindful that this year it is a new boy no more capable or
mature than last year’s candidate.

I heartily concur in the suggestion of the essayist that this associa-
tion, perhaps through the medium of its council, should consider the
desirability of publishing a brochure on loci, and I hope that at an
appropriate moment someone will feel moved to offer a resolution to
that purport.

BY Miss MARY F. GOULD,

Rox^ury High School.

Most text-books treat fairly simple loci problems as something new
and unusual in the pupils’ experience. I agree with Professor Wilson
that the difficulty lies in the definition of the term locus. The trouble
in solving loci problems arises primarily from the fact that, pupils
do not know exactly what they are trying to do. The class is given
a definition followed by problems, which in many cases are exceptions
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to the rule. For example some of the definitions this morning, if I
recall them, do not include cases where the locus is a point, a group
of points, or a surface.
In my own classes we consider these problems early in the year.

Soon after defining a geometrical figure as. any combination of points,
lines, and surfaces, and developing the fact that a moving point
generates a line, a moving line a surface, we decide that a locus is

a geometrical figure such that any point in the figure and no point
outside the figure fulfills the conditions stated. The class, then, plots
a preliminary figure by placing several points or lines so that they

fulfill the given conditions. They are shown that the limiting positions
under the conditions are helpful. A good problem to illustrate the
last statement was mentioned in the last paper. A parallelogram
ABCD has the vertex A fixed and the directions of the adjacent sides
AB and AD also fixed. Find the locus of the vertex 0 if the sum
of the two sides AB and AD is constant, and prove your answer
correct.

0’ and G" suggest the assumption that fix the locus as a straight
line, and the class can draw a second figure and proceed with the
proof just as in any other proposition.

Concerning problems on the entrance papers may I ask a question

or two?
Is the subject important enough to take one third of the paper as

was done in June, ’07?
Is it essential to force pupils working under stress of examination

to take the time to discuss loci problems combining two simple problems
so that a number of cases exist?

GENEEAL DISCUSSION.

Referring to Professor James Wilson’s condemnation of the proof
of the second part of locus theorems which involve the use of .the
reductio ad cbbsurdum, Professor Osgood said that this method of proof
was rot to te rashly excluded. It was a valid method of proof, and
was of use to mathematicians, and consequently must be of use to
pupils.

Mr. Tower said that in his opinion Professor Osgood was wrong

in assuming that what was of value to mathematicians was also good
for pupils. In his opimon, pupils did not understand the reductio ad

absurdum.
Professor Osgood said that that sort of information was just what

he was glad to get. It was, however, important not to exclude the

reductio ad aJ)surdum on the ground that there was anything bad

about it as a proof.
Mr. Fuller, on the other hand, claimed that boys were attracted by it.

Professor Wilson then said: Since this is my "slam," I suppose that
I ought to justify it. I find that college boys do not use it intelligently.

We are coached for so much, that our purposes in examination are
defea ted.

Mr. Fuller expressed his regret for the atmosphere of melancholy

that seemed to weigh upon the college instructors present at the
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meeting. He assured them of the sympathy of the secondary school
teachers in their sorrowful mood; and expressed the opinion that it
was not the subject of geometry which was required for admission
to college, but the power of passing examination papers; he suggested
that, if the examination requirement was so objectionable to everybody
concerned, it would be quite possible to abolish it.
Mr. Hobbs pointed out that the proof by reductio ad a1)’surdum could

generally be replaced by the argument by exclusion; that is, of two
possible conclusions, one of which must be true, if we prove one-
untrue, the proof of the other is inferred; and the same way for
three possible conclusions, as in the case where one line must be equali
to or greater than or less than another line.

Professor Ransom said that the Association spends too much time?
in talking about examinations. The locus problem he considered a
test of extraordinary value. The definition that is given to beginners
is not necessarily satisfactory to critics; nevertheless, a first definition
serves a valuable purpose, though it may not be such as a mature and
cultivated judgment would approve. Good training for developing the
idea of a locus in the pupil’s mind is to have him draw free-hand, so
that the pencil-point shall keep true to the conditions of the locus>
Professor Ransom also suggested that it was a good idea to bring
lack the idea of time into geometry.

Professor Lennes expressed surprise a.t the attention paid to college
examination papers. The question of transfer from high school to
college was, of course, important, but the question of transfer from
the grade school to high school was also important. He thought we
might well hesitate to impose the standards of the upper grades upon
lower school work.

Professor Osgood said that he had been struck by the difficulty of
getting pupils to draw. Most locus problems are easy to prove if the
locus is drawn; and there is a great advantage in drawing the locus
in advance, not only for the sake of clearing up the nature of the
problem to be proved, but also for the sake of giving a mental picture
of the effect of the restrictions imposed upon the moving point. How-
ever, not merely the drawing of the locus is desirable, but the proof
also. The locus problem is one application of geometry that pupils
can know. It may be that it is too hard for some weaker pupils:
that is the teacher’s work�to shelter those weak pupils, while giving
real work to the pupils that have strength. It is the work of the
teacher to choose judiciously the means of instruction, and the locus
problem is a valuable means in the hands of a skillful teacher. In the
same way that all complications are introduced rather by illustration
than by definition, it would be better to begin teaching loci by show-
ing a locus and explaining how to- satisfy the conditions involved, and
then to lead up to a definition which the pupils themselves could be
induced to give. Professor Osgood suggested that such classical books
of reference as Mr. Fuller has named should be in every school
library, and he thought it quite likely that there were very few-
school libraries in which these books were represented.


